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Abstract

In a recent study, Ang (Energy Policy 32 (2004)) compared various index decomposition analysis methods and concluded that the
logarithmic mean Divisia index method is the preferred method. Since the literature on the method tends to be either too technical or
specific for most potential users, this paper provides a practical guide that includes the general formulation process, summary tables

for easy reference and examples.
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1. The LMDI formulation process

Let V' be an energy-related aggregate. Assume that
there are n factors contributing to changes in ¥ over
time and each is associated with a quantifiable variable
whereby there are n variables, xi,xy, ...,Xx,. Let sub-
script i be a sub-category of the aggregate for which
structural change is to be studied. At the sub-category
level the relationship V; = xj;x2;---X,; holds. The
general index decomposition analysis (IDA) identity is

given by
le,iXZ,i"'xn,i~ (1)

S
The aggregate changes from VO =30 xg, ... x), in
period 0 to VT =3 . x{xI,..xI; in period 7. In

multiplicative decomposmon we decompose the ratio:

D =VT/V' =D, D,,...D,,. )
In additive decomposition we decompose the difference:
AVig=VT =V = AV, + AV + - + AV, 3)

The subscript tot represents the total or overall change
and the terms on the right-hand side give the effects
associated with the respective factors in Eq. (1).

In the logarithmic mean Divisia index (LMDI)
approach,' the general formulae for the effect of the
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"The LMDI is used here to refer to the logarithmic mean Divisia
method I (LMDI I). A related version, the LMDI II, has a weighting
scheme slightly more complex than LMDI I (Ang et al., 2003).
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kth factor on the right-hand side of Egs. (2) and (3) are
respectively:
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where L(a,b) = (a — b)/(Ina —Inb) as defined in Ang
(2004).> The general formulae in the formulation process
are summarized in Table 6 in Appendix A.

2. Two illustrative cases

Changes in industrial energy consumption may be
studied by quantifying the impacts of changes in three
different factors: overall industrial activity (activity
effect), activity mix (structure effect) and sectoral energy
intensity (intensity effect). The sub-category of the

2For more on Egs. (4) and (5), see Ang and Liu (2001) and Ang et al.
(1998), respectively.
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aggregate is industrial sector. The IDA identity in
Eq. (1) is

E:ZEi:Z %%:ZQSJ;', (6)

where E is the total energy consumption in the industry,
O(=>,0)) is the total industrial activity level, and
Si(=0Q;/Q) and I,(=E;/Q;) are, respectively, the
activity share and energy intensity of sector i. From
Egs. (2) and (3),

Dtol = ET/EO = DachstrDima (7)

AEtat = ET - EO = AElat = AEact + AE\‘H‘ + AE:inl- (8)

The subscripts act, str and int denote the effects
associated with the overall activity level, activity
structure and sectoral energy intensity, respectively.
The LMDI formulae can be readily worked out
from Table 6 and they are summarized in Table 7 in
Appendix A.

Changes in CO, emissions from industry may be
studied by quantifying the contributions from changes
in five different factors: overall industrial activity
(activity effect), industry activity mix (structure effect),
sectoral energy intensity (intensity effect), sectoral
energy mix (energy-mix effect), and CO, emission
factors (emission-factor effect). The sub-categories of
the aggregate are industrial sector and fuel type. The
IDA identity in Eq. (1) may be written as

=D Ci=> 052l = > 0SiiM,Uy,

where C is the total CO, emissions and Cj is the CO,
emissions arising from fuel j in industrial sector i, Ej; is
the consumption of fuel j in industrial sector i,
where E; = Z/ E;; the fuel-mix variable is given
by M;(= E;/E;)) and the CO, emission factor by
U; (= Cjj/Ej). From Egs. (2) and (3), we have

Dtol = CT/CO = DactDStrDintDmixDemf, (10)

ACy = CT = C°
= AC[IL‘[ + ACYtr + ACjim‘ + ACmix + ACwemf- (1 1)

The subscripts act, str, int, mix and emf, respectively,
denote the effects associated with overall activity,
activity structure, sectoral energy intensity, sectoral
energy mix and emission factors. The LMDI formulae
are summarized in Table 8 in Appendix A.

3. Numerical examples

We collected the 1990 (Year 0) and 2000 (Year T)
energy and CO, emission data for industry in Canada
from Nyboer (2002) and Nyboer and Laurin (2002). The

Table 1
Aggregate data for Canadian industry, 1990 and 2000

Year C (MTCO,) E (P)) Q (gross output, 1986 C$ billions)

1990 114.31 2336.5  295.2
2000 135.11 27143 4425
Table 2

Results of industrial energy consumption decomposition for Canada,
1990-2000: multiplicative decomposition

Dto/ Duct D.wr Dint
1.162 1.498 0.806 0.963
Table 3

Results of industrial energy consumption decomposition for Canada,
1990-2000: additive decomposition (PJ)

AEtol AEacr AEstr AEinr
377.8 1018.6 —544.7 —96.1
Table 4

Results of industry energy-related CO, emission decomposition for
Canada, 1990-2000: multiplicative decomposition

Dtvt Da('t D.\'tr Dim‘ Dmix Dem/'

1.182 1.493 0.814 0.951 0.980 1.044

database includes a total of 23 industrial sectors and 14
energy sources. The aggregate CO, emissions in million
tonnes of CO, (MTCO,), energy consumption in
petajoules (PJ) and gross industrial output in Canadian
dollars (C$) are shown in Table 1.° The observed
changes in energy consumption and CO, emissions
are shown in the first column of Tables 2-5. The other
columns of the tables give the decomposition
results obtained using the decomposition formulae in
Appendix A.*

From Tables 2 and 3, it can be seen that Canadian
industrial energy consumption increased by 16.2% or
377.8 PJ from 1990 to 2000. The LMDI decomposition

3Nyboer (2002) and Nyboer and Laurin (2002) do not give CO,
emissions arising from electricity consumption. We estimated the
equivalent emission factors for electricity from the 1990 and 2000
Canadian energy balances in International Energy Agency (1993,
2002), by dividing the total emissions for fuel consumption in
electricity generation by the total final electricity consumption in
Canada in the respective years.

“Due to differences in data source, industry coverage, sector
classification, industrial activity measurement and decomposition
technique, the additive decomposition results obtained here are
different from those in Natural Resources Canada (2002).
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Table 5
Results of industry energy-related CO, emission decomposition for Canada, 1990-2000: additive decomposition (MTCO,)
A C/ol A Cm’l A C.wr A Cinl A Cm[); A Cemf
20.80 49.34 —25.58 —6.30 —2.48 5.31
Table 6
LMDI formulae for the general case with n factors
IDA identity V= Z,- V, = E[X1,/X2’i...xn’j
Multiplicative decomposition Additive decomposition
Change scheme Dy = VT/ VO = Dxl D,\‘z '“Dxn AV{o[ = VT - VO = AV,\‘I + Asz + -+ AV.xn
VT =V VT —n v (], vi—yp XL
P D, = M i i i [ 2k AV, = RS N S P a2
LMDI formulae v = €XPp (Z, TV v~ 19"\, Ve = 2igs T 0\
Note: (a) Where x;; = 0, replace all the zeros in the data set by a small positive constant, e.g. between 107 and 1072, (b) It can be shown that
In(Dyy) = In(Dy,) + In(Dy,) + -+ + In(Dy,). (c) The following relationship holds: AV, /In Dy, = AVy, /In Dy, = AV, /InD,, = --- = AV, /In Dy, .

Table 7

LMDI formulae for decomposing changes in industrial energy consumption

IDA identity

iEi
E=%E=3%, Q%Q: > O0Sil;

Change scheme

LMDI formulae

Multiplicative decomposition
Dtol = ET/EO = DacID.rtrDim‘

(Ef — E))/(n E] —1n E})

Dyt = eXp (El (ET — EO)/(ln ET —In EO)

Additive decomposition
AEmt = ET - EO = AEact + AE,&/r + AEinl

o” o« BB (07
ln(QO Ao = i "\ @0

(EF — E?)/(InET —In E?)

Dyir = exp (Zi (ET — E%/(In ET — In EY)
(ET — E))/(n E] —In EY)

ST ET — E° ST
In{ =~ AEg, =S, —L "1 __In(=L
(7)) =g ()

Djy; = exp (Zi (ET — E%)/(In ET — In E®)

Ir ET — E? Ir
In( L AEy =3 — =21
n(zp)) =T I B n(1.°>

i

results show that the activity effect led to an increase
almost three times that margin, and the much lower
growth observed was due to structural change in
production and a reduction in sectoral energy intensity.
Reduction in sectoral energy is often taken as a measure
of improvement in energy efficiency. The impact of
structural change in reducing energy consumption,
arising from the shift in the composition of industry
output towards less energy-intensive sectors, was
estimated to be nearly six times that of improvement
in energy efficiency.

From Tables 4 and 5, CO, emissions increased by
18.2% or 20.80 MTCO, from 1990 to 2000. The LMDI
decomposition results show that the activity effect led to
an increase almost two and a half times that margin but,
like the case of energy consumption, actual growth in
emissions was much lower because of structural change
in production and, to a lesser extent, reduction in
sectoral energy intensity. In addition, changes in energy

mix led to a reduction but changes in emission factors
led to an increase in emissions. Changes in energy mix
arose from a shift towards cleaner fuels in final energy
use while changes in emission factors arose from an
increase in the share of fossil fuels in electricity
generation. Overall, the relative contributions of the
five factors show the importance of the impact of
industry structure change in reducing the growth of CO,
emissions despite a substantial increase in the overall
industrial output.

4. Some LMDI application issues

An attractive feature of LMDI is the ease of
formulation, which can be seen from the formulae in
Appendix A. The LMDI formulae can be readily
derived once the IDA identity has been specified.
Commercially available spreadsheet software packages
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Table 8
LMDI formulae for decomposing changes in energy-related CO, emissions from industry
IDA identity Qi E; E; Cy
C=Y.Ci=Y.0=——"—"=>_0SIM;U;
i Ci=55Ch g p g = S OSHMyUy
Multiplicative decomposition Additive decomposition
Change SCheme Dmt = CT/CO = DactD.\'trDintDmixDemf ACIOI = CT - CO = ACuL't + AC\'N' + ACint + ACmix + Acem/
(C] —CP/an €] ~In ) QT i —C o (0"
LMDI formulae  Dus = exp (z,-,. cr—coyme— o (&) A =Timer e\
Ccr'—C%/(ln CF —1In CY 7 cr-cy Y
Dy = exp ( r G ') S ACw = yi—r o <o
2y (CT = C%/(In CT — In CO) Sf’ “InCj —InC} \S
CT — C/(In CF —1n €Y G -c . (if
Diny = exp ( ; U)/( ) In ACiw =3 /T - oln{ 7o
2y (CT — C%/(In CT In CO) v “InCj —InCy \ ]
T 0 T T 0 T
~ exp (C,.j )/(ln —InC} )]n M,.j ACo =5, C; — G My
Do 2 (CT — CO)/(ln CT In C?) e Y1n CUT In C0 M)
T 0 0 T T 0 T
—exp (C[j - C[j)/(ln —InC} )n U[j ACoy =3, i~ G U
Dens = 2y (CT=C%/(In CT —In CV) emf "InCf —InCy \ U7
can be adopted to meet the computational needs and Dact = 1.493

present the results in a graphical form. As an illustra-
tion, Fig. 1 shows a radar chart for the multiplicative
case while Fig. 2 shows a bar chart for the additive case
using the numerical results presented in Tables 4 and 5,
respectively.

From Egs. (4) and (5), the LMDI formulae contain
logarithmic terms and the variables cannot have
negative values. This is a limitation of LMDI but in
IDA negative values seldom occur. A more likely
situation is the occurrence of zero values, i.e. x;; = 0.
In the analysis in Section 3, this occurs for sectoral
energy mix and CO; emission factors. To overcome this
problem, all the zeros in the data set may be replaced by
a small positive constant, e.g. between 107'% and 1072,
and the computation could proceed as usual. The results
converge as the small positive constant approaches zero
(Ang et al., 1998).

The LMDI method has several practical advantages
from the application viewpoint. First, LMDI gives
perfect decomposition, i.e. the results do not contain
an unexplained residual term, which simplifies the result
interpretation. Second, the results given by the multi-
plicative LMDI possess the following additive property:
In(Dyo) = In(Dy,) + In(Dy,) + -+ + In(Dy,). Third, there
exists a simple relationship between multiplicative and
additive decomposition, i.e. AV, /In Dyyy = AV, /In Dy,
for all k, which makes separate decomposition using
the multiplicative and additive schemes unnecessary.
Finally, LMDI is consistent in aggregation (Ang and
Liu, 2001). Estimates of an effect at the sub-group level
can be aggregated to give the corresponding effect at the
group level, a property useful in multi-level aggregation
studies, e.g. grouping industry activities into sub-groups,
countries into regions, etc.

Demt =1.044
Dyyix = 0.980 Djy = 0.951
Dtot =1182= Dact Dstr Dlm Dmlx Demf
Fig. 1. Presentation of multiplication decomposition results in
Table 4.
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Fig. 2. Presentation of additive decomposition results in Table 5.
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5. Conclusion

As a follow-up to the study by Ang (2004), this paper
gives a practical guide to the LMDI decomposition
approach. It will be useful to practitioners interested in
adopting the approach. We summarise the general and
specific LMDI formulae for ease of reference, and
present two examples using real data. Some application
issues are also dealt with.
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Appendix A

The LMDI formulae for the general case and the two
illustrative cases in Section 2 are given in Tables 6-8.
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