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ABSTRACT

Necessary structural criteria are obtained for linear multivariable regulators which retain
loop stability and output regulation in the presence of small perturbations, of specified types,
in system parameters. It is shown that structural stability thus defined requires feedback of
the regulated variable, together with a suitably reduplicated model, internal to the feedback
loop, of the dynamic structure of the exogenous reference and disturbance signals which the
regulator is required to process. Necessity of these structural features constitutes the ‘internal
model principle’.

1. Introduction. The problem of synthesizing linear multivariable regulators
possessing structural stability with respect to small perturbations in system
parameters was considered in [1, Chapter 8]. The synthesis exploited feedback
together with a suitably reduplicated model, internal to the feedback loop, of the
dynamic structure of the exogenous reference and disturbance signals which the
system was required to process. In this paper it is shown that such structure of
the regulator is actually necessary. This general result, which no doubt is of
broader validity than is proved here, we call the internal model principle.

We remark that plausibility arguments in support of the ‘internal model’ idea
have been presented by Kelley [2]. In addition Davison [3] has discussed a
problem similar to that addressed in this paper. The present treatment is quite
different in method of approach.

The system under consideration is modeled as follows. The plant is described
by the linear time-invariant vector differential equation

X, =A,x;+Asx,+ Bu, (D

where x, is the state vector of the plant and u is the vector of control inputs. The
vector x, satisfies the equation

p=Ayx, )

and represents reference and /or disturbance signals which the regulator is to be
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designed to process. The vector z to be regulated (e.g. tracking errors and/or
deviations from set-point values) is given by

z=Dx,+ D,x,. (3)
The vector y of outputs measurable by the controller is given by
y=Cx;+ Cyx,. ; 4)

Typically the vector 4,x, in (1) represents plant disturbances, and the vector
D,x, in (3) represents reference signals which the controlled output vector
— D, x, is required to track.

The control action is generated by a linear time-invariant compensator with
input y(+) and output u(-), according to

x.=A.x.+ By (5a)
u=Fx +Fy. (5b)

Here x, is the state vector of the compensator.
The vectors x,,x,,u,z,y,x, belong to fixed real linear spaces

K Kp U, Z, %, X, (6)

of finite dimension #n,,n,,m,q,p,n, respectively. The time-invariant linear maps
in (1) through (5) are defined on the appropriate spaces as follows:

A% -%K,, D%, »Z, C:%,-9%, i=1,2
A3 Ky K,, B UK, 4%, ->X,,
B.:Y->%X,, F:%->U, F:%-.
The signal flow graph of the system is shown in Fig. 1. (s/— A4, is written
s—A,, etc.).
From Fig. 1 it is seen that the plant and compensator together form a loop.

The state space of the loop, %X, is defined to be the external direct sum of %,
and %X,:

%, =%, DX, .

The state vector of the loop will be written

x=| " lex,. (7)

Xe

Then, by combining (1), (4) and (5), we see that the loop is described by

Xy, =A;x; + B, x,, ®)
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%,(0) (s—A'E)'l X, D,

x(0}

Figure 1. Overall system signal flow graph.

where

A+BFC, BF, | o _| 4;+B,FC,
s L=
B.C, A B,C,

<

A= )

In (8) 4, is a map X, — X, which can be written as the matrix shown in (9)
because of the convention (7). In addition define D, : X, > Z by

D,=[D, 0], (10)
so that
D; x; = D;x,.
The output to be regulated is thus
z=D;x; + D,x,. (11)

The composite system is now described by (2), (8) and (11); the signal flow
graph is shown in Fig. 2.

The purpose of the controller is twofold: to stabilize the loop and regulate
the output. By loop stability is meant that x, (£)—0 as t—co for all x, (0) with
x,(0)=0. From (8) this is evidently equivalent to stability of 4,, that is

o(4)cC  ={z€C:Rez<0}.
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x,(0) (s-A,)"1 X,

o, >

x{0) (s-A )71 D
Figure 2. Signal flow graph showing loop.

By output regulation is meant that z(#)—0 as r-—>c0 for all x, (0) and x,(0).
We may assume at the outset that A4, is totally unstable, that is

o(4,)cC*={z€C:Rez >0}, (12)

because any stable exogenous modes can be included in the plant description
since they affect neither loop stability nor output regulation*. Also we may
assume that

[C},C,] is epic; (13)

otherwise replace ¥ by Im C,+Im C,. Finally we may assume that
D, is epic (14)

since clearly a necessary condition for output regulation is Im D,CIm D, and
hence (14) is achieved by setting £ =Im D, +Im D,=Im D,. Throughout the
remainder of the paper (12), (13) and (14) are standing assumptions which will
not be reiterated in the statements of our results.

The vector spaces in (6) are assumed to have fixed bases. The maps in (1) to (5)
then have matrix representations referred to these bases. These matrices will be
denoted by the same letter as the corresponding maps. The matrix 4, can then
be regarded as a data point in RY where N=n?. Similarly (4,,B,) can be
regarded as a data point in RV with N=n2+n, m. Let p be such a data point in
R", and assign to RY its usual topology. To say that the synthesis is structurally
stable at p means that loop stability and output regulation hold everywhere
throughout some open neighborhood (nbhd) of p in RY. If 4, is stable and its
elements are perturbed slightly the resulting matrix is still stable. Thus structural

*The specific partition C=C~ UC™ of the complex plane is not crucial to the development, and
could be replaced by an arbitrary ‘symmetric partition” in the sense of [1], with €~ an open subset of
the complex plane.
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stability at p is equivalent to the conditions:

(i) A, is stable
(ii) output regulation holds throughout a nbhd of p in R.

The main objective of this paper is to determine the necessary controller
structure so that the resulting synthesis is structurally stable at a given data point.
The data point in question will depend on the theorem discussed, as the intent is
partly to establish to what system data the controller may be critically sensitive.
The data point will not include elements from A4,, since it is assumed that a fixed
class of exogenous signals is to be processed, this class being specified a priori in
a statement of the design objective. Nor will the data point include C;, C,, D, or
D,; the elements in these matrices are assumed fixed either by definitional
relations or by the precision of the physical sensors and error comparators being
modeled.

The principal concepts of readability, the internal model, and feedback are
introduced in Section 2. That a structurally stable synthesis must incorporate
these features is proved in the sections which follow.

Notation. The real and complex fields are denoted respectively by R and C.
The real part of a complex number is written Re.

If % is a linear space, d(%C) is its dimension. While % etc. is defined
initially over R, the complexification of % etc. will be denoted by the same
symbol and introduced freely. If 4: X — % is a linear map, o(4) is its complex
spectrum. If B: U —-%, Im B or 9 denotes the image of B and Ker B its
kernel. The controllable subspace of (4,B) is {A|B>=B +4B +--- +
A" 1R where n=d(%). If V cQ then B|V is the restriction of B to V and
is a map V—%; whereas if AV VX then 4|V : V. Linear space
isomorphism is denoted by ~.

If n>1 is an integer n is the set {1,...,n}. Definitional equality is written

2, Principal Concepts. The compensator is restricted to process only the
measurable output y. It will be shown that a synthesis can be structurally stable
only if the compensator has access to the regulated variable z; that is, only if the
value of y(7) always determines that of z(z). This motivates the definition: z is
readable from y if there exists a map Q: Y —% such that z=Qy. This is
equivalent to the condition that [D,, D,] factors through [C,, C,], namely

Ker[C,,C,]cKer[D,,D,]. (15)

If (15) holds we shall say that the pair ((C}, C,]), [ D}, D,]) is readable.

An alternative way of describing readability is as follows. Suppose (15) holds.
Then d(%) > d(Z) by virtue of (13) and (14), and ¥ can be defined according
to

Y=WSE, (16)
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for a suitable linear space %S . Then

E, E,
D, D,

[Cy, G,]=

for some maps E;: X, -, i€ 2. Defining w= E,x, + E,x, we have

y=|"|lewoz.

z

The map Q is now the natural projection W DL - Z.
Corresponding to (16) the maps F and B, can be written

F=[Fw’Fz]’ Bc=[Bcw’Bcz]’

175

(17)

(18)

thatis F,=F|, F,= F|Z, etc. When the representations (17), (18) are inserted

in Fig. 1 the result is as shown in Fig. 3.

(S—Az)_l Xz

X s-AJ~? B

Figure 3. Synthesis in which z is readable from y.



176 B. A. FrRaNCIs AND W. M. WoONHAM

To define the internal model we first recall that the invariant factors @if.) of
amap 4: X —-%X are the minimal polynomials of the cyclic components in a
rational canonical decomposition of % relative to 4. We say that A incorporates
an internal model of 4, if the minimal polynomial (m.p.) of A, divides at least
g=d(Z) if. of A. The internal model is thus a g-fold reduplication in 4 of the
maximal cyclic component of 4,.

The internal model can also be described in terms of Jordan decomposition.
Recall that the Jordan decomposition of % relative to a map A : X — can be
derived from its rational canonical decomposition by factoring the i.f. of 4 into
powers of monomials of the form s—A, where AEa(A). Precisely, for each
distinct A€ 6(4) there exist an integer t(\) (which is unique) and A-invariant
subspaces %}, i€ t(A), such that

i) X= & e X
(l) AEa(d) I€IQ) oA

(ii) 4]%} is cyclic with m.p. (s—A)¥®D, where k(A,i): =d(%}). There is a
basis for X} such that 4| is represented by the Jordan matrix

A1
A .
S nMN)i= tk(N ) X k(N D).
i
A
(iii) The m.p. of 4 is
I (S_}\)k(x)

AEas(A4)
where

k(\): =max{k(}\,i):i6 L)\)}

The polynomials (s —AY**? are the elementary divisors (e.d.) of 4. The % are
the prime subspaces corresponding to A. The integer #(A) can be computed as

t(\)=d[Ker (4-N)].
The integer k(A) is the degree of the factor s —A in the m.p. of 4.

From now on £(A) will denote specifically the degree of the factor s—A in the
m.p. of 4,, A€a (4,). Consider a Jordan decomposition of %X relative to A.
Then A incorporates an internal model of A4, if and only if for each A€o (4y)
there are independent prime subspaces X}, (i € q) of X such that d(9}) > k().
It is easy to see that this characterization agrees with the previous definition.
Indeed, the m.p. of 4, divides ¢ if. of 4 if and only if for each A€a (4,),
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(s—M*® divides g if. of A4; this is equivalent to the condition that (s—
N, (s—A)% are ed. of 4 for g integers f, > k(\); and this in turn is
equlvalent to the existence of the prime subspaces X
Next we recall the following characterizations of controllability and ob-
servability. Let 4: X - %, B: U —>%, C: X —% . Then (4, B) is controllable
if and only if
X =Im(4—A)+ImB, A€o(4)

and (C,A) is observable if and only if
KerCnKer (4—-X)=0, AEa(A4).

(See [1, Lemma 8.1] for a proof of the second assertion;the first follows by
duality.)

Now let ®, c %, be an A, -invariant subspace and let P,: %, — % :=%_/
R, be the canomcal prOJectlon Let 4,: %_—%_ be the map 1nduced by 4, in

96 i.e. A, P.=P, A,. We say that the compensator incorporates an internal model
of A2 prov1ded

(IM) @, exists (as above) such that the map A, incorporates an internal
model of 4,, in the sense of the definition given earlier.

Next assume that, in addition to (IM),

(i) KerF.nKer(4,—A)=0, A€d(4,).

Then we say that the internal model is observable by u. In view of the above
characterization of observability, (i) is equivalent to the condition that the
A,-modes of A_ are observable by F,.

Finally suppose that z is readable from y and that, in addition to (IM),

(i) ImB,,c®R, and
X, =Im(4,—\)+ImB_,, A€a(4,)

where B_,:=P_B,,. Then we say that the internal model is controllable by z. In
view of the above characterization of controllability, (i) is equivalent to the
condition that the 4,-modes of 4, are controllable by B,

To see what these concepts mean in terms of signal flow assume there exists

such a subspace R, and write
%L‘ = ("X/cl @ %02

where X, =%, and %, is an arbitrary complement. Corresponding to this
decomposition write

A A
c3 B Bcwl B. = czl , [cl’ 2]

— cl
A= - ,

0 4, | B

w2
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Then (/M) is equivalent to the condition that 4, incorporates an internal model
of A,, and (ii) to the conditions B,,,=0 and

Xo=Im(A,~N)+ImB,, AE€o(4,).

Inserting this decomposition in Fig. 3 yields Fig. 4.

cz2

Xc2 (s~A)™t v

Figure 4. The canonical synthesis.

In Fig. 4 the signal flow from z to # can be thought of as an information
transmission system: information is transmitted from the z terminal and re-
ceived at the u terminal; the internal model is the channel. The controllability
condition (ii) means that the internal model processes all the information
transmitted from z. Similarly the observability condition (i) means that u
receives all this processed information. In this sense the synthesis illustrated in
Fig. 4 is a feedback synthesis.

3. Technicalities. In this section we derive a useful characterization of output
regulation.

Lemma 1. Assume loop stability. Then output regulation is equivalent to the
existence of a map R: X,— %, such that

A, R—RA,=B, (19)
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and
D, R=D,. (20)
Proof. From (12) and the stability of 4,,
o(4)na(4,)=90.

Hence the map Rt>4; R— RA, is invertible and thus (19) defines R uniquely
(4, p. 225)).
Let X, : =%, ®*X,. From (8) and (11) the system is described by

X = A X,
z=Dx,
where
x:=| L |e%,
X2
a:=| 4 Bl p.-[p,D,.
L 0 A,

Let %} (4,) denote the unstable subspace of 4, in % (see [1]). Then output
regulation is equivalent to

XS (4,)cKerD,. (21)

Let 0: X, —>%, be defined as

I, -R
0 1,

0:=

where I, (resp. I,) is the identity on %X, (resp. %,). Then

0-'4.0= A, —AR+RA,+B, | _| 4, 0

from (19). Thus

Xy (4,)=QIm

Therefore (21) is equivalent to (20). W
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The main results of this paper will be obtained by the following application
of Lemma 1.

Proposition 1. Let N\Eo(A,) and let %X, be any prime subspace of X,
corresponding to . Set k=d(%,,) and define the subspace S C X, ® K, as
follows:

S = {(xl,xc):BCC1x1+(Ac—)\)xc=0, x,EKerD,,

x,€(A,|B,CKerD>+Im(4, -\ "'} (22)

Then structural stability at A implies d(&)> n;.

In (22), {A4,|B.C,KerD,> is the controllable subspace of the pair
(4,,B.C||KerD)).

Proof. First we write out equations (19) and (20) in detail. For R: X,—»%
let
Rl
R= : K> KB K,
R

C

Substitution of (9), (10) into (19), (20) yields

(4,+ B,FC,)R,— R,A,+ B,F,R,= A,+ B,FC, (23a)
B,C,R,+A,R.— R.A,=B,C, (23b)
D,R,=D,. (23¢)

Let Ay, A, Cy Dy, Ryy and R, denote respectively the restriction of 4, 45,
C,, Dy, R, and R, to %,,. Then (23) implies

(A,+ B\ FC))Rj\— RjyAp+ B F,Ry=Ay+ B FCy, (24a)
Bc ClRl)\ + AcRc}\ - Rc)\A n= Bc CZ)\ (24b)
DRy =Dy, (24c)

As noted in Section 2 there is a basis for %, such that 4,, has the matrix
representation J, (A). In this basis write

Rp=[rp--srikls Rc}\=[rc1""’rck]
Ap=las;,...,a5], Cp=[csp,.- ]

Dy =|dy,...,dy ]
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Here the r; are the columns of Ry, etc. Clearly

RijAp= Ry =[Aryp,ry i+ A, s k-1 + Ayl

Thus (24a) is equivalent to the k vector equations
(A1+ B\FC,—Nry,+ B\ F,r, = a3+ B Fc,,

—ry+(4,+ B,FC;—N)ri+ B F.r.,= as,+ B Fc,, (25)

—rig—1+(4,+ B FC,—N)r\ + B\F,r =as + B, Fcy,.
Similarly (24b) is equivalent to
Bcclrll + (Ac _A)rcl = Bcc21

B,Ciryy—ry+(A4,~Nry=B.cy, (26)

B,Cyryp—rog1 (4.~ N7y = B.cy,.

Finally (24c¢) is equivalent to
Dyry=dy, i€Kk. 27)
By structural stability, output regulation holds through a nbhd of 4, in R™",
This implies, by Lemma 1, that (25), (26), (27) have a solution r,,, r,(i € k)
throughout a nbhd of @;, in R™. Thus for each d;; in some nbhd of a,, there exist
F; € X, and 7, € X _(i € k) such that
(A, + B\ FC, =N\ + B\F 7 =d3 + B Fey,
B.Cify+ (4. —N)F, = B.cy

B.C\Pyy— 7+ (A, —N)Fy=B,cy

B.CiFyp =Py + (A, —N)P, = B,cy,
Dpy=dy, i€k.

~ . ~ ~ -~
WhenAa31 =as deno}e the corresponding 7,; anfi P by r, 1. Set 8ay, = a5, — ay,,
Ory,=F,—ry, 6r,=F,—r, Then for any da;, in some nbhd of the origin of R
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there exist 8r); € X, and dr,, € X, such that
(A,+ B,FC,—MA)dr,,+ B,F_br, = 8ay,
B.C,8ry;+(A.—X)ér,, =0

B, C8ryy+ (A4, —N)br,=dr,,

B.Cydry+ (A, —N)br =0, _,
D,br,;=0, ick.
Here a brief computation shows that

dr, E(A,~\|B,C,Ker D> +Im(4,—A)* "

={(4,|B,C,KerD>+Im(4,—\)""
and hence (8r,,,0r,) € S . Thus, since
Span{&as, : 8ay; in a nbhd of 0€R™} = X,
we find that
¢,=[4,+ B,FC,—\ B,F,]S

and hence d(S)>n,. M

4. Necessity of Readability. In this section we prove that readability of z
from y is a necessary condition for structural stability. We have first the
following partial result.

Proposition 2. A synthesis is structurally stable relative to A, only if (C;,D)) is
readable.

Proof. Fix A€ a(A,) and any prime subspace X,, of %, corresponding to A.
Then &, defined in (22), is contained in

Ker B.C, A.,—A
D, 0
Thus Proposition 1 implies
d|Ker| B:C1 A=A >n,

D, 0
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and hence

dltm| BC AT (28)

D, 0
Now loop stability implies that 4; —A is invertible and thus from (9) the map
[B.Cp,A,—A]: %, D%, —>%, isepic. (29)
Then (28) and (29) imply

B.C, A\
Dl

Im ~Im[B.C,A,—A]

which in turn implies
Ker[B,C,,4.—~A]cKer[D,,0]
and hence
KerC,cKerD,. ®

The main results of this section and the next need the following lemma.

Lemma 2. Let A: X -, B: U —>X be maps, and k > 1 an integer. Define
the subspace V' C U ® X as follows:

V={(u,x):Bu+Ax=0, x&{4|D>+Ima*""}.
(a). Let A denote the map induced by A in the factor space X, /{A|B >. Then

d(V)<d(U)+d(KerAnImA*1), (30)
®). If L€k and
ImA ' cd4|B > +ImA* (31)
then
d(Ny<d(). (32)
Proof.

(a). Suppose B is monic. Then AU ~ P and

VaF:i=4"'® N (4D >+Imd* ). (33)
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Let P: X - % /{A4|% ) be the canonical projection. We have
d(N=d(PV)+d(VnKerP); (34)

PV CPA'B)NP(A|B >+ImA“Y)

cKerANnImA* Y (35)
and

FnKerP=FN<A4|% >
CA B NA|B >
~P. (36)

On combining (33)~(36), the inequality (30) follows in this special case. But if B
is not monic then U ~ P DKerB, Va~ V@BKerB, and the final result follows
on addition of d(Ker B) to both sides of the special inequality just derived.

). If

ImA*1c{A4|% >+ImA4"
then

ImA" 'cImA’
and thus since { < k

ImA“ 'cImA*, (37)
If n:=d(°() then (37) implies

ImA* 'cImAd™".

So (32) will follow from (30) once we show

KerANImA"=0.

For a proof by contradiction suppose there exists X €Kerd nImA", x+0.
By the Hamilton-Cayley theorem there exist real scalars a; such that

Ar=a)d+ad+...+a,_ A"

Since Ker 40, a,=0. Now there exists X, such that

=a A%+ ... +a, A" %, (38)
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Multiplying (38) by 4”7~ then by A", etc. yields
0=a,4"%,

0=a,4"" %, + a,A"%,

0=a A%, + ... +a,_|A"%,.

Since X0 these equations imply in turn a,=0, a,=0,...,a,_,=0. Thus 4" =0,

n—1
hence x=0, a contradiction. W

Consider a synthesis which is structurally stable at 4,. By Proposition 2,
Ker C,cKerD,; hence, as in (16), Z can be imbedded in % . Write

Y=Y Y, (39)

where Y,=Z and %, is an arbitrary complement of %, in ¥ .

Theorem 1. (Necessity of readability). A synthesis is structurally stable at
(43, B,|%,) only if ((Cy,C,),[Dy,D,)) is readable.

Proof. Since Ker C; CKer D; we may write
C\= (40)

for some map E,: %,—%,. Corresponding to the decomposition (39) we may
also write

E
C2= ~2 ’ Bc=[Bcl’B02]‘ (41)
D,
We shall have proved
Ker[C,,C,]CcKer[ D, D,]
once we show D~2= D,. Assume, for a proof by contradiction, that
D,#D,. (42)
From Lemma 1 structural stability at (4;, B,|%,) implies that throughout a
nbhd of B, there exists R: %X,— %, such that
AR RA,=B,
D,R=D,.
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From (9) and (10) these equations imply in particular
B.C,R,+A.R.—R.A,=B,C, (43a)
D,R,=D,. (43b)
Now let X, be an arbitrary complement of Ker D, in X;:
Xy=%,,®KerD,. (44)
Then from (14), D, has a right_inverse D{: Z—%, with ImDf=%,,. So
D\R;=D, if and only if R;=R;+DD, for some map R;:%,—~%,; with

Im R, cKer D,. Thus throughout a nbhd of B,, there exist R, : X,—%,, R.: X,
— X such that ImR, cKer D, and, from (43a),

B,C,R,+A,R,—R.A,=B,(C,— C,DD,). (45)
Substitution of (40) and (41) into (45) gives
BclElﬁl +A4,R.—R.A,= Bcl(E2 - ElDlTDZ) + Bcz(D~2 - D2)- (46)

Now throughout a nbhd of B,, (46) has a solution Iel,RC with Iml’i1 cKerD,.
Hence, throughout a nbhd of B, =0, the equation

BclEl(aﬁl) + Ac(aRc) - (3RC)A2 = (6302)(52 - Dz) (47)

has a solution Sﬁl,aRc with Im(Bﬁl) CcKerD,.
By assumption (42) there is some A €0(4,) and some prime subspace X, of
X, corresponding to A such that

DZI %ZA#DZI %2)\‘

Fix such A and let k=d(%,). Choose a basis in X, so that A4,|K,, is
represented by the matrix J,(A). In this basis, suppose that the first nonzero
column of (D,— D,)|X,, is the [™, 1< [ < k. Restricting equation (47) to X,
and writing the matrices out explicitly we find that for any x, € X, there exist
r;€KerD, and r,,€ %, (i€ f) such that

B Er +(Ac"}‘)rcl =0

By Er;,=r,+(A4,—N)r,=0

(48)

BoEiryy =2t (A, —Nr, =0

BLE iy~ (A, =Ny =x.
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From (48)
(4, _}\)z B lxc =B, E\ry + (A, —N)BEyrp+ -

+ (Ac_k)e_lBaEl"le + (Ac—}\)ercg.
Thus
Im(4,—A) "' {4, —\|B,,E,Ker D> +Im(4,— )’

={(A|B,,E,KerD,>+Im(4,—\)". (49)

Substitute (40) and (41) into (22) to obtain
& ={(x1,x): B Ex;+(4,~Nx,=0, x EKerD,,

X, €{A,|B,E;Ker D> +Im(4,—A\)"'}.
Now exploit Lemma 2b by defining

A=A4,~)\ B=B,E,
X =%., Q =KerD,, V=5.

Notice that {4|D >=<A4—pu|B > for any p€C. Then (31) follows from (49).
Lemma 2b implies

d(8)<d(KerD,)=n,—q

which contradicts Proposition 1. Thus (42) is false and 52= D, after all. W

5. Necessity of the Internal Model and Feedback. Having proved the neces-
sity of readability (under suitable conditions) we consider in this section only
syntheses in which z is readable from y, and hence adopt the representations
(17) and (18).

The following characterization of the internal model will be useful. Recall
that k(A) is the degree of the factor s—A in the m.p. of 4,.

Lemma 3. Let A: X — be a map. Then A incorporates an internal model of
A, if and only if, for each A€ a(A4,),

d[Ker(4 - nIm(4 -NP 7] > 4.

Proof. Fix A€ 0(A,) and consider a Jordan decomposition of % relative to
A. Let peo(4) and let X, be a prime subspace corresponding to p in this
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decomposition. Finally, define 4, :=A|%, and £ :=d(%,). Then there exists a
cyclic generator x € X, such that
E—1
X, =Span{x,(4,—p)x,....(4,—p) " x}

Im(AM~,u)=Span{(A#—,u)x,...,(AF—,u)e—lx}

b—1
Ker(Au—,u,)=Span{(Au~pL) x}.
Hence if i is an integer then
d[Ker(A#-,u)nIm(A#—u)i_l] - [ I ifiet
0 if i>¢.
From this it is seen that

d[Ker(4—2)nIm(4 -1)*P7']

equals the number of prime subspaces X, c X corresponding to A such that
d(%,) > k(\), and hence equals the number of i.f. of 4 divisible by (s—A)}®.
|

For the main result of this section we shall assume that

ImB,,c{A4,|B,, E KerD> (50)
or equivalently

{4 |ImB, >={A.|B,,E KerD}.

A systemic interpretation of (50) is the following: the information carried by
w(-) which is processed by the compensator pertains only to the plant and is not
derivable from z(:). It will be shown in Proposition 3 below that (50) is a
necessary condition for structural stability.

Theorem 2. (Necessity of the internal model and feedback). Consider a synthe-
sis in which (50) holds. This synthesis is structurally stable at A; only if the
compensator incorporates an internal model of A, which is controllable by z and
observable by u.

Define
gﬂ“c =<AcchwE1 KerD1>. (51)

Let P.: %, %, :=%, /%R, be the canonical projection and define 4, B,,., B.,
by the commutative diagram below.
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a5 Bew -~ X, A %.
&
Eu
PC PC
v
g _cz - Kc %,

Proof of Theorem 2. We shall show that 4, incorporates an internal model of
A,; further

X

c

= Im(Zc —?\) +ImB,,, A€d(4,)
and

KerF.nKer(4,—A)=0, A€d(4,).

In view of (50) and (51) the proof will then be complete.
Fix A€0o(4,) and define & by (22) taking k= k(A). From (17) and (18)

S = {(xl,xc):BcwElx1+(Ac—}\)xc=0, x,€KerD,,

x,€(4,|B,,EKerD;>+Im(4, -\ "'},
Now appealing to Lemma 2a with
A=A,~\, B=B,E,

% =%, U=KerD, V=85

we find

d(S) < d(Ker D,)+ d[ Ker(4,~A)nIm(Z,—A) ] (52)
Since from Proposition 1 d(&) > n; and since d(Ker D,)=n,— g, (52) implies
d[ Ker(Zc - ?\) N Im(}l—c —A)k_ 1 ] >q.

Thus from Lemma 3 A, incorporates an internal model of A4,.
Loop stability implies that 4; —A is invertible. Thus from (9)

Ker(B,F.)nKer(4,—A)=0 (53)
and

X, =Im(4,—A)+Im(B,C)). (54)
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From (53)
Ker F,nKer(4,—A)=0
and hence the internal model is observable by «. From (54)

XK. =Im(4,—\)+ImB,
which implies, from (18),

X, =Im(4,—\)+ImB,, +ImB,,. (53)
Now from (50) B,,=0; so when P, is applied to both sides of (55) there results

X, =Im(4,-\)+ImB_;
that is, the internal model is controllable by z. W

The purpose of the internal model can be understood in the frequency
domain by reference to Fig. 2. Let G, (s) denote the transfer matrix from the x,
terminal to the z terminal:

-1
G,(s)=D,(s—A;) B,+D,.

The internal model supplies transmission zeros of G, (s) to cancel the poles of
(s-Az)“l. Loop transmission zeros and their relation to the internal model are
treated in detail in a subsequent article [5].

Let « be the degree of the m.p. of 4,. If A, incorporates an internal model of
A, its order is at least gk; that is d(°X,) > gx. In [1, Chapter 8] the problem was
solved of constructing a structurally stable synthesis; it was shown that such a
synthesis exists with map A4, incorporating an internal model of order precisely
gr. We conclude that gk is the minimal order of internal model necessary for
structural stability of the type considered here. If a weaker version of structural
stability is required, for example if some of the elements of A4, are fixed, then
usually a complete internal model of the kind described here is not necessary.

We remark that the choice of data point 4, in Theorem 2 is not crucial, but
seems to allow a proof which is simpler than one based on alternative data
points.

Assumption (50) is equivalent to the assumption that B,,=0. This in turn is
equivalent to the assumption that, in Fig. 4, there is no direct signal flow from w
to v. That (50) is a necessary requirement for structural stability is established by
the following.

Proposition 3. There is no synthesis in which (50) fails and which is structurally
stable at (A, B,,).

Proof. For a proof by contradiction assume there is such a synthesis. Then
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from Lemma I, throughout a nbhd of B, there exists R: %X,—%, such that
A, R—RA,=
D,R=D,.

This implies, from (9) and (10), that throughout a nbhd of B, there exist
R;: %,—»X, and R,: %,— X, such that

B,C,R,+A,R,— R A,=B.C,

D,R,=D,,
or, from (17) and (18),
 wE1R+A.R,—R.A,=B.E, (56a)
D\R,=D,. (56b)

As in (44) let %, be an arbitrary complement of KerD, in X, and let
D[: Z %, be a right inverse of D, with ImD{= %,,. Then (56b) is equlvalent
to R;= R +D {D, for some map R;: %2—>G’€1 with ImR ,CKerD,, so (56a)
becomes

BcwElRAI+AcRc_RcA2=Bcw(EZ_ElDITD2)' (57)

Apply P, to (57) to give

Xcﬁc_EcA2=§cw(E2—E1D1TD2)- (58)

Here R, :=P,R_ and we have used the fact that P,B_ E,KerD,=0. Now (58)
has a solution R %,— %X, throughout a nbhd of B

Since by (13) [Cy, C,] is epic, for each wE U there exist x, €%, and x,€ X,
such that

w=Ex, + E,x,
0= Dl.xl + DzXz;
equivalently, for every w € °Uf there exist £, €Ker D, and x, € %, such that

w=E %, +(E,— E\D{D,)x,.
Thus

o = E,Ker D, +1Im(E,— E,D{D,)
and hence

ImB,, =B, Im(E,~ E,D{D,). (59)
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Since (50) is assumed to fail B, 0, and so (59) implies that
E,— E\D[D,=0.

Hence there exist A € 6(4,) and a prime subspace X, of %, corresponding to A
such that (E,— E,D{D,)| %, 0. Fix a basis for %,, so that 4, is represented
by J,(A) where k: =d(%,,). Suppose the first nonzero column of (E,— E,D{D,)
|, is the (™, [ € k. Then, restricting (58) to %, and writing the matrices out
explicitly we find that for any X, € %, there exist 7,E€ X, (i € f) such that

(4,—N)7,, =0
(4.~ N)ig=7.
(60)
ERON AR A
(A, -N)Fy =F, ,_ +%.
Now (60) implies that for any X, there exists 7, such that
(4, —)\)zfc, =(4, —A)e 'z
Thus
im(Z,-1) cIm(Z,-7)", 61)

Next apply Lemma 2b with

A=A,—-\, B=0, k=k(\),

X =%, =0
Then (31) follows from (61) and so (32) implies

- — k-1
Ker(4,—-A)nIm(4,—2) ~ =0

By Lemma 3 this implies that A, does not incorporate an internal model of 4,;
but this contradicts Theorem 2. W

To further explain the significance of condition (50) we shall give an intuitive
argument to indicate why Proposition 3 ought to be true. Assume for simplicity
that E, =0 and F=0. Then Fig. 3 reduces to Fig. 5.



The Internal Model Principle for Linear Multivariable Regulators 193

(s—Az)"l Xy
O* [ o 7~
D,
Bl ﬁs b
1
w
u Q)
Fc Bcw z
/1 /1
Y | s e I
Xe (s—Ac)"l Bez

Figure 5. Figure 3 with £,=0, F=0.

Suppose the synthesis is structurally stable at 4, so that, by Theorem 2, the
compensator incorporates an internal model of A4,. Suppose also that (50) fails,
namely B, 0. The compensator can be thought of as acting in the following
way. On the basis of information about z, the internal model injects into the
loop signals which (asymptotically) counterbalance the disturbances entering via
A, and D,. The internal model is activated by information about z via B,,. Since
E;=0and [C,,C,] is epic, E, is epic. Thus for some initial condition x,(0) the
signal w(#)= E,x,(¢#) will not converge to 0 as t—co. Hence, possibly after a
small perturbation of B,, the internal model processes, not the ‘accurate’
information B, z(-), but instead a ‘noisy’ signal B, z(-)+ B, w(-). Thus in the
structure of Fig. 5 any useful role played by the signal path x,—»w->x, is
(generally) vitiated by a small perturbation in B,

6. Conclusion. Synthesis procedures for achieving structurally stable con-
trollers in the linear multivariable setting have been given by Davison [3],
Pearson et al. [6] and Wonham [1]. The present paper has considered the
converse problem: What controller properties are necessary for structural stabil-
ity? Our major conclusion can be summarized as The Internal Model Principle:
A regulator synthesis is structurally stable only if the controller utilizes feedback of
the regulated variable, and incorporates in the feedback path a suitably reduplicated
model of the dynamic structure of the exogenous signals which the regulator is
required to process.
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